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ELLIPTIC CURVES IN ISOGENY CLASSES
IGOR E. SHPARLINSKI AND LIANGYI ZHAO
Abstract. We show that the distribution of elliptic curves in
isogeny classes of curves with a given value of the Frobenius trace
t becomes close to uniform even when t is averaged over very short
intervals inside the Hasse-Weil interval.
1. Introduction
1.1. Motivation. Let p ą 3 be prime and let E be an elliptic curve
over the field Fp of p elements given by an affine Weierstrass equation
of the form
(1.1) y2 “ x3 ` ax` b,
with coefficients a, b P Fp , such that 4a3 ` 27b2 ‰ 0.
Clearly, there are p2`Oppq suitable equations of the form (1.1). Fur-
thermore, they generate J “ 2p`Op1q distinct (that is, non-isomorphic
over Fp ) curves, and for most of the curves there are exactly pp´ 1q{2
distinct equations (1.1), see [6] for a discussion of these properties.
We recall that the cardinality of the set EpFpq of Fp -rational points
on any elliptic curve E satisfies the Hasse–Weil bound which we for-
mulate as
(1.2) #EpFpq ´ p´ 1 P r´T, T s,
where
T “ X2p1{2\ ,
we refer the reader to [7] for these and other general properties of
elliptic curves.
Curves with the same value of #EpFpq are said to be isogenous.
Hence, we see from (1.2) that there are 4p1{2 `Op1q isogeny classes.
Accordingly, we denote by Iptq the number of distinct isomorphism
classes in the isogeny class of curves with #EpFpq “ p ` 1 ´ t, for
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t P r´T, T s . Clearly, the average value of Iptq is
1
2T ` 1
ÿ
´TďtďT
Iptq “ J
2T ` 1
“ 2p`Op1q
4p1{2 `Op1q “ 0.5p
1{2 `Op1q.
(1.3)
Thus, on average, each isogeny class contains 0.5p1{2 isomorphic curves,
which motivates the study of the distribution of the values
ιptq “ Iptq
0.5p1{2
Lenstra [6] has obtained upper and lower bounds for this number
which show that typically the values of Iptq are of the same order
of magnitude as their average value. In particular, by [6, Proposi-
tion 1.9 (a)], for any t P r´2p1{2, 2p1{2s we have
(1.4) ιptq “ O `log p plog log pq2˘ ,
with an absolute implied constant. We see that the upper bound (1.4)
contains some extra logarithmic factors compared to the average value
1, see (1.3)
On the other hand, the result of Birch [3] on the Sato-Tate conjecture
over the family of all isomorphism classes of elliptic curves over Fp im-
plies the asymptotic formula (which is uniform over real α, β P r´1, 1s)
(1.5)
ÿ
αTďtďβT
ιptq “ µpα, βqT ` oppq,
where µpα, βq is the Sato-Tate density given by
µpα, βq “ 2
π
arccos βż
arccosα
sin2 ϑ dϑ.
Here we obtain an upper bound which in some sense interpolates
between (1.4) and (1.5) and improves (1.4) on average over t over
rather short interval.
1.2. Notation. Throughout the paper, p always denotes a prime num-
ber and q always denotes a prime power, thus we we Fq to denote the
field of q elements.
Furthermore, the letters k , m and n (in both the upper and lower
cases) denote positive integers.
We recall that the notations U “ OpV q and V ! U are all equivalent
to the assertion that the inequality |U | ď cV holds for some constant
c ą 0. The implied constants in the symbols ‘O ’ and ‘! ’ are absolute.
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For a complex z , we define ep2πizq and erpzq “ epz{rq.
Finally, the notation z „ Z means that z satisfies the inequalities
Z ă z ď 2Z .
1.3. Main Result. We extend the definition of Iptq and ιptq to arbi-
trary finite fields of q elements.
Theorem 1.1. Suppose that R is an integer with
0 ă R ă 2R ă 2?q.
We have,
1
R
ÿ
t„R
ιptq ! log q?
logR
plog log qq7{2.
In particular, we see from Theorem 1.1 that for any fixed ε there is
a constant cpεq such that for R ě qε we have
1
R
ÿ
t„R
ιptq ď cpεqplog qq1{2plog log qq7{2.
It is also easy to see that it improves on the “individual” bound (1.4)
starting with R ě plog log qq3`ε .
2. Character sums and the large sieve
2.1. Basics on exponential and character sums. We recall, that for
any integers z and r ě 1, we have the orthogonality relation
(2.1)
ÿ
´r{2ďbăr{2
erpbzq “
"
r, if z ” 0 pmod rq,
0, if z ı 0 pmod rq,
see [5, Section 3.1].
Additionally, we need the bound
(2.2)
K`Lÿ
n“K`1
erpbnq ! min
"
L,
r
|b|
*
,
which holds for any integers b, K and L ě 1 with 0 ă |b| ď r{2,
see [5, Bound (8.6)].
We also refer to [5, Chapter 3] for a background on multiplicative
characters.
The link between multiplicative characters and exponential sums is
given by the following well-known identity (see [5, Equation (3.12)])
involving Gauss sums
τr “
rÿ
v“1
χrpvq erpvq
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with the quadratic character χr modulo an integer r ě 1, that is, a
fully multiplicative function of both argument which coincides with the
Legendre symbol is r is an odd primes and also defined for r “ 2 as
χ2pvq “
$&% 0, if v ” 0 pmod 2q;1, if v ” ˘1 pmod 8q;´1, if v ” ˘3 pmod 8q.
It is easy to see that for any integer v with gcdpv, rq “ 1, we have
(2.3)
´v
r
¯
τr “
rÿ
b“1
ˆ
b
r
˙
erpbvq.
By [5, Lemma 3.1] we also have:
Lemma 2.1. We have
|τr| ď r1{2.
2.2. Large sieve for quadratic moduli. For t P r´T, T s we define the
function ∆ptq “ 4q ´ t2 .
We make use of the following large sieve type inequality:
Lemma 2.2. Suppose that 0 ă R ă 2R ă 2?q . Let α1, . . . , αN be an
arbitrary sequence of complex numbers and let
Z “
Nÿ
n“1
|αn|2 and T pxq “
Nÿ
n“1
αnepnxq.
Then, we haveÿ
t„R
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2
ď
´
qR `N `min
!?
RN `?qN3{4,
?
Nq
)¯
ZpqNqop1q.
Proof. Set
S “ t∆ptq : t „ Ru “ t∆ptq : Q0 ď ∆ptq ď Q1u,
where Q0 “ 4q ´ 4R2 and Q1 “ 4q ´ R2 . We start by applying [1,
Theorem 2]. Let
Sr “ tm P N : mr P Su.
We clearly have Sr Ď rQ0{r, Q1{rs and Sr is empty unless 4q is a
square modulo r . Moreover, set
Arpu, k, lq “ max
Q0{rďyďq{r
#tm P Sr X py, y ` us : m ” l pmod kqu,
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where u ě 0, k P N, l P Z with gcdpk, lq “ 1. Thus Arpu, k, lq “ 0
unless the system of congruences
t2 ´ 4q
r
” l pmod kq
has a solution in t. Following the arguments in [1, Section 6] with
minor changes, we get that if k ď ?N , then
(2.4) Arpu, k, lq ď
ˆ
1` #Sr{k
R2{r u
˙
Nop1q.
Now using [1, Theorem 2] together with a short computation, we get
that ÿ
∆ptqPS
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2 !
´
N `Nop1qpqR ` q
?
Nq
¯
Z.(2.5)
The remainder of the proof follows closely to those in [1] and [2].
Using [2, Lemma 8], we have the following. Suppose that 0 ă D ď 1{2
and tβlu is a sequence of real numbers such that for all α P R, there
is βl such that
}βl ´ α} ď D.
Then,
(2.6)
ÿ
∆ptqPS
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2 ! KpDqpN `D´1qZ,
where
KpDq “ max
1ďlďL
#ta{∆ptq : ∆ptq P S, gcdpa,∆ptqq “ 1,
}a{∆ptq ´ βl} ď Du.
We choose β1, ¨ ¨ ¨ , βL in the same way as in [2] as rationals of the form
βl “ b
r
` 1
kr2
, l “ 1, . . . , L,
with some b, r P N, r ď D´1{2 , gcdpb, rq “ 1, 1 ď b ă r and k P Z
with rr´1D´1{2s ď |k| ď rr´2D´1s . Now let
τ “ 1?
D
, K “ rr´1D´1{2s, κ “ rr´2D´1s,
and
P pαq “ #ta{∆ptq : ∆ptq P S,
gcdpa,∆ptqq “ 1, |a{∆ptq ´ α| ď Du.
6 I. E. SHPARLINSKI AND L. ZHAO
Using [2, Lemma 9] and the discussion that follows therein, we get that
(2.7) KpDq ď 2max
rPN
rďτ
max
bPZ
gcdpb,rq“1
max
Kďkďκ
P
ˆ
b
r
` 1
kr2
˙
.
Now set
ψpxq “
ˆ
sin πx
2x
˙2
.
Recall that the Fourier transform of ψ is pψptq “ maxt0, 1´ |t|u which
is compactly supported. We have
P pαq ď
ÿ
∆ptqPS
8ÿ
a“´8
ψ
ˆ
a´ α∆ptq
4qD
˙
.
Following the same computation as that in [2, Section 4], we get
P pαq ! qRD ` qD
ÿ
0ăjăp4qDq´1
ˇˇˇˇ
ˇ ÿ
Rďtď2R
epαjt2q
ˇˇˇˇ
ˇ ,
and then arrive at
P
ˆ
b
r
` 1
kr2
˙
ď qRD `
ˆ
R?
r
`
?
R `
a
qDr `
a
RqD
˙ˆ
R
qD
˙op1q
.
(2.8)
Next, we now prove an analogue of [2, Equation (5.1)]. Using [1,
Lemma 4] and mindful of the bound (2.4), we get
(2.9) P
ˆ
b
r
` 1
kr2
˙
ď p1` qDr ` qRDq
ˆ
1
D
˙op1q
,
if D{2 ď 1{pkr2q ď D . Now we assume that 1{pkr2q ě D . Very much
like in [2, Equation (5.2)], we get
P
ˆ
b
r
` z
˙
! 1` δ´1
Q1ż
Q0
Ωpδ, yqdy
! 1` δ´1
4qż
´8
exp
ˆ
´4q ´ y
R2
˙
Ωpδ, yqdy,
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where
Ωpδ, yq “
ÿ
y´δď∆ptqďy`δ
ÿ
mPJpδ,yq
m”´b∆ptq mod r
m‰0
1
!
8ÿ
t“´8
ψ
ˆ
t´?4q ´ y
2cδ{R
˙ ÿ
m‰0
m”´b∆ptq mod r
ψ
´m´ yrz
8δrz
¯
,
for some absolute constant c and Jpδ, yq “ rpy´4δqrz, py`4δqrzs . Now
applying Poisson summation twice and making a change of variables,
we get
P
ˆ
b
r
` 1
kr2
˙
! δz
R
ˇˇˇˇ 8ÿ
j“´8
pψp8jδzq
r˚
e
ˆ
´4qj
ˆ
b
r
` z
˙˙
8ÿ
l“´8
pψˆ2clδ
r˚R
˙
Gp´j˚b, l; r˚qEpj, lq
ˇˇˇˇ
,
(2.10)
where
Gpa, l; cq “
cÿ
d“1
e
ˆ
ad2 ` ld
c
˙
denotes the quadratic Gauss sum with
r˚ “ rpj, rq , j
˚ “ jpj, rq ,
and
Epj, lq “
8ż
0
exp
´
´ u
R2
¯
e
ˆ
juz ´ l
?
u
r˚
˙
du.
Note that the upper bound in (2.10) is essentially the same as the right-
hand side of [2, Equation (5.3)]. The computations of [2, Sections 7,
8 and 9] go through with minor changes and we arrive at the bound
(2.11) P pαq !
ˆ
R1{2 `RD1{4 `R3D `?r ` RD?
rz
˙ˆ
R
D
˙op1q
.
Now combining (2.11) and (2.9) in the same manner as in [2, Sec-
tions 10], we derive that
P pαq ď
´?
R `RD1{4 ` qRD `?r `
a
qRDr1{4 ` qDr
¯
´ q
D
¯op1q
.
(2.12)
8 I. E. SHPARLINSKI AND L. ZHAO
Now recall that r ď D´1{2 . We use (2.8) if r ą R and (2.12) if r ď R ,
we get
P pαq ď
´
qRD `
?
R `?qD1{4 `?qR3{4D1{2
¯´ q
D
¯op1q
.
Setting D “ 1{N and applying the above bound to (2.7) and then
to (2.6), we get
ÿ
t„R
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2
ď
´
qR `
?
RN `?qN3{4 `?qR3{4N1{2
¯
ZpqNqop1q.
Now if N ď q?R , then
?
qR3{4N1{2 ď qR.
If N ą q?R , then
?
qR3{4N1{2 ď
?
RN.
Hence ÿ
t„R
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2
ď
´
qR `
?
RN `?qN3{4
¯
ZpqNqop1q.
(2.13)
The desired result follows by comparing the above to (2.5). [\
2.3. Multiple divisor function. For positive integers k , M and ν we
denote by dνpk,Mq the number of integer factorisations of k of the
form
k “ m1 . . .mν , with 1 ď m1, . . . , mν ďM.
We need the following bound, uniform with respect to all parameters
which is due to Garaev [4, Lemma 8].
Lemma 2.3. We haveÿ
kďMν
dν,Mpkq2 ďMν
ˆ
e logM
ν
` e
˙ν2
.
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2.4. Bound of character sums on average. Let ξt be the quadratic
character modulo ∆ptq (as defined in Section 2.1). We consider the
character sums
StpNq “
Nÿ
n“1
ξtpnq.
We follow the ideas of Garaev [4, Theorem 3] to obtain the following
result. Throughout this section, we define
(2.14) X “ max
"
q
?
R,
q2
R2
*
.
Lemma 2.4. Suppose that R is an integer with 0 ă R ă 2R ă 2?q .
For positive integer L and ν , such that
(2.15) Lν ě X
we haveÿ
t„R
max
N„L
|StpNq| ď R1´1{p4νqL1`op1q
ˆ
e logp2Lq
ν
` e
˙ν{2
,
as LÑ 8.
Proof. For each integer t P r´T, T s we choose Nt „ L, with
|StpNtq| “ max
N„L
|StpNq|.
Let M “ 2L. Using (2.1), for Nt „ L we write
Ntÿ
n“1
ξtpnq “
Mÿ
m“1
ξtpmq 1
M
Ntÿ
n“1
L´1ÿ
b“´L
eMpbpm´ nqq
“ 1
M
L´1ÿ
b“´L
Ntÿ
n“1
eMp´bnq
Mÿ
m“1
ξtpmq eMpbmq.
Recalling (2.2), we deriveˇˇˇˇ
ˇ Ntÿ
n“1
ξtpnq
ˇˇˇˇ
ˇ ! L´1ÿ
b“´L
1
|b| ` 1
ˇˇˇˇ
ˇ Mÿ
m“1
ξtpmq eMpbmq
ˇˇˇˇ
ˇ .
Therefore,
(2.16)
ÿ
t„R
max
N„L
|StpNq| “
ÿ
t„R
ˇˇˇˇ
ˇ Ntÿ
n“1
ξtpnq
ˇˇˇˇ
ˇ ! L´1ÿ
b“´L
1
|b| ` 1Wb
where
Wb “
ÿ
t„R
ˇˇˇˇ
ˇ Mÿ
m“1
ξtpmq eMpbmq
ˇˇˇˇ
ˇ .
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By Ho¨lder’s inequality, we get the bound
W 2νb ď R2ν´1
ÿ
t„R
ˇˇˇˇ
ˇ Mÿ
m“1
ξtpmq eMpbmq
ˇˇˇˇ
ˇ
2ν
.
We now note that˜
Mÿ
m“1
ξtpmq eMpbmq
¸ν
“
Kÿ
k“1
ρb,νpkqξtpkq,
where K “Mν and
ρb,νpkq “
Mÿ
m1,...,mν“1
m1...mν“k
eMpbpm1 ` . . .`mνqq.
Using (2.3), we write˜
Mÿ
m“1
ξtpmq eMpbmq
¸ν
“
Kÿ
k“1
ρb,νpkq 1
τt
∆ptqÿ
v“1
ξtpvqe∆ptqpkvq.
Changing the order of summation, by Lemma 2.1 and the Cauchy in-
equality, we obtain,ˇˇˇˇ
ˇ Mÿ
m“1
ξtpmq eMpbmq
ˇˇˇˇ
ˇ
2ν
ď
∆ptqÿ
v“1
ˇˇˇˇ
ˇ Kÿ
k“1
ρb,νpkqe∆ptqpkvq
ˇˇˇˇ
ˇ
2
.
Thus,
W 2νb ď R2ν´1
ÿ
t„R
∆ptqÿ
v“1
gcdpv,∆ptqq“1
ˇˇˇˇ
ˇ Kÿ
k“1
ρb,νpkqe∆ptqpkvq
ˇˇˇˇ
ˇ
2
Using that |ρb,νpkq| ď dν,Mpkq and recalling Lemma 2.3, we now derive
from Lemma 2.2, estimating Z as
Z !Mν
ˆ
e logM
ν
` e
˙ν2
,
that
W 2νb ďR2ν´1Mν
ˆ
e logM
ν
` e
˙ν2
´
qR `Mν `min
!?
RMν `?qM3ν{4,Mν{2q
)¯
pMνqqop1q .
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Always using the first term in the above minimum, we obtain
W 2νb ď R2ν´1Mν
ˆ
e logM
ν
` e
˙ν2
´
qR `
?
RMν `?qM3ν{4
¯
pMνqqop1q .
Mindful of the inequality Lν ě maxtq?R, q2{R2u, we see that in the
above inequality, the term
?
RMν dominates over qR`?qM3ν{4 . So
the last display simplifies further as
W 2νb ď R2ν´1{2M p2`op1qqν
ˆ
e logM
ν
` e
˙ν2
.
Therefore
Wb ď R1´1{p4νqL1`op1q
ˆ
e logp2Lq
ν
` e
˙ν{2
.
Inserting this into (2.16), we conclude the proof. [\
We remark here that simply using the classical large sieve inequality,
the sum in Lemma 2.2 isÿ
t„R
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2 ď pq2 `NqZ.
Using this bound, one can still arrive at a non-trivial estimate in
Lemma 2.4, but the condition in (2.15) needs to be replaced by Lν ą q2 .
Moreover, as in [8], we can conjecture that
ÿ
t„R
∆ptqÿ
a“1
gcdpa,∆ptqq“1
|T pa{∆ptqq|2 ď pqR `NqpqNqop1qZ.
Having this bound at one’s disposal, a non-trivial bound in Lemma 2.4
can be obtained as soon as Lν ą qR .
We now obtain a bound on character sums StpNq on average starting
from rather short intervals of length N „ L with
(2.17)
logL?
log logL
ě 4 logX?
logR
,
where, as before, X is given by (2.14).
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Corollary 2.5. Suppose that R is an integer with 0 ă R ă 2R ă 2?q .
For all integers L satisfying (2.17), we haveÿ
t„R
max
N„L
|StpNq| ď RL exp
´
´p7{8` op1qq
a
logR log logL
¯
as LÑ 8.
Proof. We assume that L is sufficiently large and choose
ν “
S
1
4
d
logR
log logL
W
` 3.
We see from (2.17) that
ν logL ě 4ν logX
d
log logL
logR
ě logX,
and thus Lemma 2.4 is applicable with this parameter ν . Furthermoreˆ
e logp2Lq
ν
` e
˙ν{2
ď plogp2Lq ` eqν{2
“ exp pp1{2` op1qqν log logp2Lqq
“ exp
´
p1{8` op1qq
a
logR log logL
¯
.
We also have
R1{4ν “ exp
ˆ
1
4ν
logR
˙
“ exp
´
p1` op1qq
a
logR log logL
¯
.
Thus recalling Lemma 2.4, we conclude the proof. [\
3. Proof of Theorem 1.1
3.1. Isogeny classes and L-functions. Let L ptq “ Lp1, χtq be the
value of the L-function at s “ 1 which correspond to the quadratic
character modulo ∆t “ 4p´ t2 and let L ˚ptq “ Lp1, χ˚t q be the value
of the L-function at s “ 1 which corresponds to the quadratic charac-
ter modulo ∆˚t “ ∆t{f 2t where f is the largest integer such that f 2 | ∆
and ∆0 ” 0, 1 pmod 4q.
We need the following two results which follow from the identities
and estimates given by Lenstra [6, Pages 654–656]. We obtain the
following two relations. First we have
(3.1) Iptq “
?
∆t
2π
L
˚ptqψpftq
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where ψpfq is an explicitely defined function which for an integer f ě 1
satisfies the bound
(3.2) ψpfq ! plog logpf ` 2qq2 .
Then, we also have
(3.3) L ptq “ L ˚ptq
ź
ℓ|f
ℓ prime
ˆ
1´ χ
˚
t pℓq
ℓ
˙
,
(which follows from the Dirichlet product formula for L-functions).
Clearly, ź
ℓ|f
ℓ prime
ˆ
1´ χ
˚
t pℓq
ℓ
˙´1
ď
ź
ℓ|f
ℓ prime
ˆ
1´ 1
ℓ
˙´1
Using the fact that f has at most Oplog fq prime factors and recalling
the Mertens formula, see [5, Equation (2.16)], we obtainź
ℓ|f
ℓ prime
ˆ
1´ χ
˚
t pℓq
ℓ
˙´1
! log logpf ` 2q.
Hence, collecting (3.1), (3.2) and (3.3) together we obtain
Lemma 3.1. We have,
Iptq !
a
∆tL ptqplog log qq3.
We remark that with a little bit of care, one can be more precise with
the double logarithmic function in Lemma 3.1. However, to streamline
the exposition, we ignore this minor savings and concentrate on the
powers of log q .
3.2. Bounds of L-functions. We now give abound on the average value
of L ptq over dyadic intervals.
Lemma 3.2. Suppose that R is an integer with
plog qq2 ă R ă 2R ă 2?q.
Then we have ÿ
t„R
|L ptq| ! log q
d
log log q
logR
as RÑ8.
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Proof. Let X be defined by (2.14). We write Lj “ 2j for j “ J, J `
1, . . ., where J is defined by the inequalities
log 2J´1a
log log 2J´1
ă 4 logX?
logR
ď log 2
Ja
log log 2J
.
Thus we can apply Corollary 2.5 with L “ Lj for any j ě J .
We also define I by the conditions
2I´1 ď q2 ă 2I
Since for any integer N ě 1, we trivially haveˇˇˇˇ
ˇ Nÿ
n“1
ξtpnq
ˇˇˇˇ
ˇ ď ∆t ď q
By partial summation, we immediately obtain
(3.4)
ÿ
něLI
ξtpnq
n
! 1.
For J ď j ď I , invoking Corollary 2.5 and using partial summation
again, we derive
ÿ
t„R
ˇˇˇˇ
ˇˇ ÿ
LjďnăLj`1
ξtpnq
n
ˇˇˇˇ
ˇˇ ď R exp ´´p7{8` op1qqalogR log j¯ .
Hence
1
R
ÿ
t„R
ˇˇˇˇ
ˇ ÿ
LJďnďLI
ξtpnq
n
ˇˇˇˇ
ˇ ! ÿ
JďjďI
exp
´
´p7{8` op1qq
a
logR log j
¯
ď
ÿ
2ďjďI
exp
´
´p7{8` op1qq
a
logR log j
¯
ď
Hÿ
h“0
exp
´
h´ p7{8` op1qq
a
h logR
¯
,
where H “ rlog Is . Since I „ 2 log q we have H „ log log q . Thus for
logR ą 2 log log q and h ď H , we see that
7
8
a
h logR ě 7
?
2
8
h ą 6h
5
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and we obtain
1
R
ÿ
t„R
ˇˇˇˇ
ˇ ÿ
LJďnďLI
ξtpnq
n
ˇˇˇˇ
ˇ ď Hÿ
h“0
exp
´
h´ p7{8` op1qq
a
h logR
¯
ď
Hÿ
h“0
exp p´p1{5` op1qqhq ! 1.
(3.5)
Finally we also use the trivial bound
(3.6)
ÿ
năLJ
ξtpnq
n
! logLJ ! logX
d
log logX
logR
.
Combining (3.4), (3.5), and (3.6), and using that q ď X ď q2 , we
conclude the proof. [\
3.3. Concluding the proof. We observe that for R ď plog qq2 the result
follows immediately from (1.4) (which can be extended to arbitrary
fields without any changes in the argument).
Otherwise we combine Lemmas 3.1 and 3.2 to derive the desired
estimate.
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